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1. Introduction

Black holes have long been of great interest to the field of astrophysics. With the
recent detection of gravitational waves, black &dlave gained great popularity and are
very relevant in the current study of space. One such aspect of black holes, and
gravitational waves themselves, is the study of thedimgn structure of gravitational

waves, when the wave is damping.

One method of studying these ridgwns has been to resolve the guasimal
modes of Kerr black holes, and particularly #symptotidoehavior of these modes.
While exploring thisjt became evident that these modes could be described with spin
weightedspheroidaharmonic8!. This task would be made easieaifalytic
approximations for the asymptotic behasgiof these harmonics were resolved to high
accuracyThegoal of this paper is thnd theseasymptoticapproximationsising
numerical methods.

2. Spn-Weighted Spheaidal Harmonics

Spinweighted spheroidaharmonic SWSHs)arecomplete setof orthonormal
functions for describinghe behaviorof a functionon the surface of spheroids. However,
it is important to first understand functions that work in spherical coordinates, and how
these relate to the spheroidal case.

In order to describ&inctiors on the surface of a&phere, one can uspherical
harmonicsgy, —H%o, which arefunctions of—and%.in spherical coordinateSpherical

harmonics aréhefunctions which satisfy the angular equation:
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for which the solution is:

(2.2)
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wherel,, @ are the associated Legendre polynomézause thésdependence is

‘Q , then after the change in coordinatesoof A | -8, Eq. (2.1)can be written

(2.3)
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This is an eigenvalues problem of the form we will consider belgware the
eigenfunctions and the eigenvalues/® p . More commonly in the context of
harmonics, we think ofb/b p as the separation constant. For all subsetquen
eigenfunctions, théé«dependence is also of the fokh , as fordy, . Thespheroidal

harmonics exhibit two useful properties. First, they obey the relation:

(2.4)
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This is the property of orthonormality where none of these functions can be described in
terms of the other§pherical harmonicalso have the property of being complete, which
means that angcalarfunctionon the 2spherecan be completely describedalenear

combinationof these basis functions:

(2.5
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whereth&d, 6 s are complex coefficients.

Notice that the functiofQ—%o is scalarvalued meaning that there is no
information regarding the direction of values on the surface of-#ph@re. In order to
describe objectwith higherrank, one must useector ortensorspherical harmonicsr,
moregenerally spn-weighted spherical harmoniashich satisfy the differential

equatior?!®l:

(2.6)
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These spisweighted sphézal harmonics, &, —Héo, take into accourit, the
spinweight of the harmonicThe separation constantile/b p i i p .Inthe
casel T, Gy, —Hko Gy, —H%o, which are the spherical harmoni¥gheni D,

&y, —H%o can be used to represemictorvalued functions. Values of  ¢hric, can

be used toepresent second@dnktensors. This can be continued to increase the rank of



these spirweighted spherical harmonits any rankequired In general, any rank object

can be represented in terms of sp@ighted spherical harmonics

Thespinweighted spherical harmonics are naturally associated with a spherical
coordinatesystemgeometry however it is sometimes necessary to work in rgpherical
coordnates. In the case etalar valued functions¢alarspheoidal harmonics

Y, @HPeo are well knownThese spheroidal harmonisatisfy theequatioff!!;
2.7)
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The subscripfibthe multipole momentan be a positive integer, odd halfeger value,
or zero. However, for this paper, we will not consider the oddihtgger cases. In other
words /JB' &° TU. The second subscrigt /b /b pf8 b phibis the azimuthal
index The variableoN E is the oblateness parameter, which desciibeshape of the
spheroid For values ofov s, the spheroid is oblate. dfis purely imaginarythe
spheroid is prolate, and whén T, the coordinates become spheri€ahally, & . , the
angular separatiotonstantjs the eigenvalue of this differential equatidlotice thatf

@ T thend, Jb/b p.

These scalar sptmdal harmonics are useful, but again are scalar valneatder to
describehigher rank objectoneagainneed to take into account an additional spin
weightparameteri . Theneededunctions are calledpinweighted spheroidal
harmonics andtheysatisfy the modified version of EQ.7) known as the angular

TeukolskyequatiohH[2I®l:



(2.8)
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So, Eq. 2.8), and therefore6 and "Y , now depends upon the spin weightt is
then clear that dt 11, EQ.Q.8) becomes Eq2(7) to describe scalar spheroidal

harmonics.

Spinweighted spheroidal harmonics were firstinied by Teukolskyin the context of
perturbations on Kerr geometri®sThis type of behavior is particularly important in
understanding objectike black hole. They have application iproblems involving
perturbations in Kerisuch aextreme massatio black hole imaries, quasnormal

modes, etc

3. Particular Cases for SpiWeighted Spheroidal Harmonics

In general, there are no closEam analytic solutions for the SWSHsumerous
approximation methods are available to find the separation constantand its
associate@igerfunction Y [I® Thesesolutions to the eigenvalue problem have been
solved for various cases @fMost of these methods are numerjdalt expansions for

small<gare known as are certain asymptotic expan&ons

In the oblate case of large valuess§ analytic solutions for ~ Tthave been known
for the powerseries expansion i This was later expandéd include behavior for

varying values of (6.

When working in the prolate case, farge values ofusfor scalar spheroidal

harmonics, there is an approximation for calculating the eigentfiues



(3.1)

whered /b | A @ dd's. However, there has yet to be auccessfuéxtensiorto
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4. Methods

We want to expand Eg. (3.1) to include the casés ofit. In order to fnd the full
asymptotic behavior of0 , it was important to generate data to which fits could be
made. So,His project began by numerically approximatihg eigenvalues and
eigenvectors of thepinweightedspheoidal harmonic solutions to Eq.(2.8This was
done by converting the equation into a matrix eigenvalue profleeSWSH

eigenvectorsvere defineds a linear combinatioof the spirweightedspherical

harmonic eigenvectors

(4.1)
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Inserting Eq. (4.1into Eq. (28), and using recurrence relations for th, —éo,
thiswas converted to a matreigenvalue probleffi. For fixedvalues ofd , i , andcowe

obtain aninfinite-dimensional matrix eigenvalue problem. The set of solutions are



indexedby the multipole moment/bThis eigenvalue problem can be solved numerically
by truncating the matrito dimensiorN. The eigenvalues will be théd &, and the

eigenvectors give th,,, @ in Eq. (4.1).

Because of the truncation, the numericdisons cane with some amount of error.
In order to check the accuracy of the approximate values, the contribution of each spin
weighted spherical harmonig,,, was checked for theigenvector associated with the
largest multipole momenfb ¢, of interest In the convergent regime, the magnitude of
thed,,,, will decrease exponentially with increasiftg So, after calculating the
eigenvectors, thealuesfor the two highest values dbwere pulled oytwhich are

0 ® ando @. If eitherof the normalizedoefficientsmade a contribution to

theeigenvectogreater thap 1 , the error was deemed be too highln this casethe
matrix size was increased, and the eigenvectors thergecalculatedThe process was
repeated unitia sufficiently large matxiwas used to give solutions to the desired

accuracyThen solutions were generatediasaries along the sequenegsolutions

This was done fovalues ofa vh T8 v andi of8 fo,. Thenthe
eigenvalues® forthetermd) /b | A@ dds 18 kpwere savedEquation
(3.1)is anapproximaionfor & for i mand large values gbg Thei Ttdata
wereused to confirm thealidity of this method andthe remaining values were used to

fit for this functionts dependence upon teginweightof the SWSHs



5. Results

Figures 1 and 2shows the behavior of threal and imaginary contributions to the
separation constan® @ for the representativease ot v,i ¢, vs. values of
O Ttod ¢ i
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Figure 1: Plot ofRe 0 ) for SWSHwwith m=5, s=2fromic=0 to 20, and for L=0,...,6
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Figure 2: Plot ofIm 0 ) for SWSHswith m=5, s=2fromic=0 to 20, and for L=0,...,6

All of the othersets of sequencéder different values ol andi are similar except in the
12 cases ofx [ ch o, anda g, i 0. Thesewill be discussed later
Also, for several of the imaginary plots, the imaginary contribution is simply zero.
Figures 1 and 2do not show the asymptotic behavior of tHe @ . For this,we needo
considerarge values ofs Figures 3 and 4 shothelog-log plot of the samelataas in

Figures 1 and 2 but to much larger values gifs
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Figure 3: Log-log Plot of Re 0 ) for SWSHswith m=5, s=2 The domain where

Eq.(3.1) becomes applicablesism p .1t
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Figure 4 : Log-log Plot oflm 0 ) for SWSHswith m=5, s=2 The domain where

Eq.(3.1) becomes applicablesism p 1.7t
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The real andmaginary contributions/ere fit separatelyAs can be seen indgure 3, for
the caseof & v,i ¢ the behavior of the eigenvalues change arcugh p TLItis
in this domain where Eg. (3.1) becomes applicable.

In order to fit for this dataye used a function of the form

(5.1)
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wherethed are thdfitting coefficients.The data was then used to performoa-linear
leastsquare fit for each termhen fitting for any particular term, the relevant fits dor
were calculated for eh value oim, i , and0. The first ternfitted wasthe leading order
term,6 . From equatior§3.1), it is known that fothei  Ttcasethe expected
coefficientis6  ¢0 p. Working under the assumption that this fit should be similar
to thei Tcase, the regdart of thed terms werethen fit with the equation:
(5.2)
0 00 08

In order to confirm agreement between the generated data and the analytic
approximation, this fit was checked for all TtcasesFor all cases, it was found that
0 c¢ando p, which agrees with Eq.(3.1)hese coefficients were then also
checked for varying values of

For example, looking at thie v case, the leading order coefficiedt, was
pulled out for each value @fandi . Next, all coefficients were grouped by their value of
i . These coeftiients were then again fitted fthre terms , andd as they dependpon

0 for eachi trajectory.If there is nd dependence in the functipthen one would expect

12



to obtainthe same lineds dependence seen in E§.1). Thelinear term ind, 0 , is

shown in Table 1.

s Fitted Term Remainder Fit Error

-3 200 6.18E10 3.13E10
-2 2.00 -5.77E11  457E11
-1 200 -1.35E10 3.69E11
0 2.00 -8.82E12  1.80E12
1 200 -1.35E10 3.70E11
2 2.00 -6.62E11 5.27E11
3 200 7.02E10 3.52E11

Tablel: Table ofReQ ) for m=5.

Here, the remainder term is what is left when we take the difference of the fitted term
with theputative valuetwo in this caseSo, ascan be seen, each value giroduced a fit
for the0 term as predicteth equation (2.1)out to an error that can be effectively called
zero. Similarly, this was done for the constant tgymin Table 2.

s Fitted Term Remainder Fit Error

-3 100 2.26-09 9.47E10
-2 1.00 2.646-10 1.38E10
-1 100 1.71E-10  1.12E10
0 1.00 7.66E-12 5.46E12
1 100 17610 1.12E10
2 1.00 3.0-10  1.59E10
3 100 2.52-09 1.07E09

Table2: Table ofRe( ) for m=5.

Similarly, the imaginarypartof 6 was extracted and fit to a linear functiorbin
Looking at these coefficients, TableaBd 4shows the leastquare fits for the imaginary

components od ando respectively.
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s Fitted Term Fit Error
-3 -291E09 3.73E10
-2 -242E10 3.03E1l
-1 -5.95E11  7.45E12
0 0.00 0.00
1 -595E11 7.45E12
2 -2.78E10 @ 3.49E1l
3 -3.28E09 4.21E10
Table3: Table oflm(© ) for m=5..

s Fitted Term Fit Error
-3 347E09  1.13E09
2 246E10 9.19E11
-1 5.48El1l1  2.26Ell
0 0.00 0.00

1 548E1l  2.26Ell
2 2.83E10  1.06E10
3 3.92E09 1.28E09

Table4: Table oflm(6 ) for m=5.

Similar values were retrieved for all valuestof  ulB fv, all of which wereconsgstent
with these values for thie v caseThei 1term is zero, since the eigenvalues are
purely real in thé T caseSince it waobservedhat there was nb dependence for
any of these leading order terms, it is concluded from the data that therie is no
dependence in the leading ordentegaside from the dependenceiafiponi . So,to a
high degree of confidence, it can be concludedtthatterm emains the same as seen in
Eq.(31).

Once the lack of dependence was confirmed for, this term could be replaced
in Eq (5.1) to get:

(5.3)
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This new fitting function was then used to extract the behavior dfor thisterm,we

first verified thatthei  TTcasewas the same as thatedicted for the scalar spheroidal

harmonicsp -0 -0 - & .This asinthe leadingrder term case, was

shown to holdruefor all eleven values af generated.
Similarly to the process for the firgtrm, the second order term was then fitted
for all values of and0 for a particular value ai using the fitting function
(5.4)
o) o0 o060 0 8
After the fits, the values @ ,0 , andd wereextractedand fitted for

dependence updn It was observed th@ and0 both had no dependenoni;

however, the constant teygiven byd - & inthei T caseyaried ad was

changedFor example, looking at thé  p casethe0 dependenceni is displayed in

Table 5

s Fitted Term Remainder Fit Error

-3 -12.25 -6.99-10 9.853E10
-2 -6.25 -7.15E11 | 1.705E10
-1 -2.25 2.78E11 2.394E10
0 -0.25 -3.02E10 @ 2.507E10
1 -0.25 2.84E11 2.394E10
2 -2.25 -6.93E11 1.402E10
3 -6.25 -6.99E10 9.846E10

Table5: Table of Re@ , showing the s dependence

This function demonstrated clear quadratic behavior, so when fitted with a
guadratic functionwe found thad - a i i .These fits come with an error

of¢8 v @ 1t forthei term,andt& v @ 1 for thei term Fits for all other

values oftd returnedcoefficientswith similar errors for this correctiom the imaginary

15



case, similarly to the case @f, all imaginary terms were zero for constant onaligh

low error. This means that theverallterm is:

(5.5)
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Thisterm was then added to the fit mottegive the equation:

(5.6)
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and fits for the third order term, , were generatedFor this term, in thé T case, the
behavior is expectedtogoascd p —0 —0 — -d& ¢b o
O0X pa@ o W Fp ¢and this relation was confirmed to hold for the data
generated

Due to the length of thie o terms,which have not been calculated to as large
values of®asi ¢IB It, they were not resolved to high enough accuracy to make
significant contributions out tthed term So using values of ¢IB It and inthe
caseof @ T, the coefficient® are show in Table 6.

s L Fit Parameter Fit Error

-2 0 -61.00 6.266E07
-2 1 -177.00  8.234E06
-2 2 -275.00  1.824E05

-2 3 -343.00 1.872E05
-2 4 ‘ -369.00 8.852E06
-2 5 -341.01 8.876E05

-1 0  -13.00  5.188E08
101 -33.00  7.887E08
-1 2 -35.00 1.188E06
1.3 -7.00 6.111E06
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63.00 1.732E05
187.00  3.641E05
0 3.00 1.280E09
1 15.00 1.490E08
2 45.00 9.023E08
3 105.00  3.757E07
4 207.00  1.225E06
5 363.00  3.361E06

1 1
ST
(62108

0  -13.00  5.723E08
1 -33.00  8.758E08

-35.00  1.308E06
3 -7.00 6.744E06
4 63.00 1.914E05
5 187.00  4.028E05
0  -61.00 6.481E07
1 -177.00  8.528E06
2 -275.00  1.891E05

3 -343.00 1.944E05
4 \ -369.00 9.058E06
2 5 -341.01 9.179E05
Table6: Fits ford for m=4 andvarious value®fs and L

NNNNMNNPFPFRPRPPRPRPRPRPPEPROOOOODRO
N

Sincethd T1term went as a cubic i, the extracted values far were fit for

a thirddegree polynomialt was found that the and0 terms remained unchanged.
For the lineaterm, the fits all revealethe presencef the term ¢0 i ——. This

coefficient came with an error pfp ™ 11 . This makes the equation ford,

(5.7)
5 0 o0 OX p@ of¢ o W Qi g
P o
After adding inthis behavior, the values of thenction Qi it were extracted.

Table 7 shows the behavior for 7.
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s L FitParameter Remainder Fit Error

-2 0 6400  -1.873E05 9.055E08
201 -64.00 2.292E05  3.803E07
2 2 -64.00 9.919E05 5.593E07
-2 3 -64.00 1.946E04 8.202E07
2 4 -64.00 2.798E04 8.758E07
2 5 -64.00 3.269E04 1.512E06
-1 0  -16.00 -2.300E06 9.421E08
101 -16.00 1.057E05 = 4.043E07
-1 2 -16.00 2.578E05 5.452E07
-1 3 -16.00 3.446E05 7.795E07
-1 4 -16.00 1.542E05 8.601E07
15 -16.00  -6.047E05 1.440E06
0 0 1.147E06  3.129E06 3.650E07
0 1 6.397E06 = 9.963E06 1.421E06
0 2 6.570E06  2.184E05 2.105E06
0 3 1.001E05  2.412E05 3.070E06
0 4 1109E05  1.540E05 3.247E06
0 5 1.032E05 @ 2.476E05 5.422E06
1 0  -16.00 -1.786E06 8.462E08
11 -16.00 9.387E06 = 3.563E07
1 2  -16.00 2.538E05 4.521E07
1 3 -16.00 3.308E05 7.548E07
1 4  -16.00 1.548E05 8.178E07
1 5 -16.00  -5.872E05 1.178E06
2 0  -6400  -1.718E05 9.178E08
2 1 -64.00 2.083E05  3.716E07
2 2 -64.00 9.078E05 5.470E07
2 3 -64.00 1.767E04 7.520E07
2 4 -64.00 2.549E04 8.504E07
2 5 -64.00 2.977E04 1.418E06

Table7: Fits for Qi & for m=4 andvarious value®fs and L

This function clearly behaves #3i i p @ , which was confirmed for all values

of & . Thisbrings the real component of the equation to:

18
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A similar fit for the imaginary term was don@. for &

v is shown in Table 8.

s L Fit Parameter Remainder Fit Error
2 0 640 -2.03E05 1.198-07
2 1 640 -5.40E05 = 3.21€E-07
2 2 640 -6.50E05  3.891E-07
-2 3 640 -3.71E05  2.26FE-07
2 4 640 4.58E05 2.63&-07
2 5 640 2.00E04  1.18(E-06
1.0 160 -4.06E06 9.41E-08
101 160 -1.04E05  1.19%-07
12 160 -1.10E05  6.62E-08
-1 3 160 -2.09E06  1.40(E-08
14 160 2.05E05 1.20(E-07
-1 5 160 6.07E05  3.621E-07
0 0 0.00 0.00 0.00
0 1 0.00 0.00 0.00
0]2] 0.00 0.00 0.00
0 3 0.00 0.00 0.00
0 4 0.00 0.00 0.00
0 5 0.00 0.00 0.00
1]0] 160 -4.06E06 9.41E-08
11 160 -1.04E05  1.19%-07
1]2] 160 -1.10E05  6.62ZE-08
1 3 160 -2.09E06  1.40(E-08
14 160 2.05E05 1.12(E-07
1 5 160 6.07E05  3.621E-07
2|0 640 -2.25E05  1.32F-07
2 1 640 -6.00E05 = 3.56F-07
2 2 640 -7.22E05  4.32E-07
2 3 640 -4.13E05  2.52F-07
2 4 640 5.07E05 2.916€E-07
2 5 640 2.22E04  1.30€E-06

Table8: Fits for Im(0 ).
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As can be seen in the data, there wa$ dependencen Im(6 ), but cleai
dependence. This particular term goeg ag it Bvith an error ok& ¢ I 1 . When
looking at all fits for varying values @f , it is seen that this coefficient goesaafQdr .

Because the fits were done ajpifie negative imaginary axis @fthis brings the total
equation for the imaginargomponents of the eigenvalthes farto:

(5.9)
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In this form, the contribution t0 is consistent with the fundamental symmetry of
the separation constand® @ 0 G .

6. Irregularities

While fitting these curves, large errascurredfor & ¢. For example, in the
case of the leadingrder term, we gedrrors in bothvalues ofa for thevaluesof i C
and o.Inthecaseali ¢, Table 9 shows the behaviafrthe fits foro .

s Fitted Term Fit Error

-3 132.80 4.970E+02
-2 -520.25 | 6.109E+02

-1 2.00 1.297E11
0 2.00 3.127E13
1 2.00 1.183E11

2 -524.27 6.156E+02
3 132.493  5.035E+02
Table9: Fits forRe@ ) of m=2

Table9 is fitting the same terms as seen in Table 1, but for the anomalous cage with
¢. Notice that the fits remain unchangedifor phrhandp. This is seen again in the

fits for 0 as shown in Table 10

20



s Fitted Term  Fit Error
-3 437.99 1.505E+03
-2 2319.88 | 1.850E+03
-1 1.00 3.928E11
0 1.00 9.468E13
1 1.00 3.582E11
2 2337.77 | 1.864E+03
3 443.64 1.524E+03

Table10: Fits for Re@ ) of m=2

This teble should compare directly talble 2. Again, we see very large errorifor

ch oin this termlt is then evident that there is no linear dependence agreement

between various values ford ¢, i ch o. Similar errors were found for the
i o coefficients as wellFigure 5 showshereal contribution of thé

¢ case

Rz%%A/m)

25/

Figure5: Plot of different L trajectories for m=2, s=2 data.
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For referencekigure 5should compardirectly with thed  v,i ¢ case showim
Figure 1.As can be seen here, there is a defledilevent going on aroundd  ¢'Q
between th& mand0d p lines.There isalso anrregularity for thed  pline.In
order to better understand ttype of behavior happening here Figure 5 shows a
magnified view near the deflection
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Figure 6: Zoom in ofFigure 5 at the deflectiodike event occurring between L=0 and
L=1.

It canbesee here that there is no intersectioithed mand0 p lines and
thatthere is no jump occurring betweersh two lines on the grapmtersections with
otherlines can be observed as in thiersection betweethed pandd ¢ linesas

seen in Figure 7.
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Figure 7 Zoom in ofFigure 5 at theintersecting occurring between L=ihd L=2.

It can be seen that thesenodeflection rather thed pandd ¢ lines crossFigure?
is similar toall other intersections of tHe p line withlinesO  of8 hpin this data set.
Figures 57 also illustratavell theanomalousehaviorthat occurs fon C,i C,
where large errors are being returned in the data set.

Exploring this behavior further, in the casesiof ¢, i o, we get similarly

complicated plots. Particularly in the caseof ¢,i o, Figure 8 shows Red ).

23



Re(sAm)

150
100 o

50

—
% 5 10 15 2d¢
Figure 8: Plot of different trajectories form=2, s=3 data
Figure 8 ischaracteristic ofhe behavior for the other values of m ¢,i 0.
Lastly, thisanomaloudehavior can be seen againdor o, i o. Figure 9 shows

thecaseoft o,i oO.
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Figure @ Plot of different0 trajectories form=2, s=3 data.
Again, this graph is representative of the other cases for o, i 0. We have not

yetfully investigatedhe cause of this behavior.
7. Conclusion

The results of the fitgield a corected form of equation (2.1)

(7.1)
. - p, P, O , .
0 ) =V -0 - q l |
vech p o O 07
GO p0OOD p o Y pé cdiTpﬁ
P Qs w SH3

It was also shown that there is a clanomalousyet correct, behavior for the cases of
a C, i ch oandd o, i o. In these casesg,particular value ob is the

set ofeigenvalus exhibits the behavior which makes these fits fillis may be one of
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the reasons why no one has been able to approximate an analytic solution to resolving
these eigenvaluek the future, it will be necessary to separate out the anomalous
sequences, and fit them separately. We will also want to chacththnoranomalous
values ofb follow the fit for Eq. (6.1). We would also like to extend these fits to include

thed term and add it to Eq. (6.1)
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8. Appendix
Here is a list of all real and imaginary L-¢gg plots grouped by value &f andi for all
zero andoositive values ofr . Sincethe eigenvalue is purely real when mandda
imaginaryi mandd  Tmiplots are excluded from this list.
a 1

Logio[Re(sA/m)]

4 -2 > Logsofic)

Appendixl: Log-log plot ofRe 6 ) for SWSHs with m=0s=-3 from ic=0 to 20, and
for L=0,...,6.
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Logso[Re(sA/m)]

N\

4

-2

Logyy(ic)

Appendix2: Log-log plot ofRe 6 ) for SWSHs with m=0, s2 from ic=0 to 20, and

for L=0,...,6

Logqo[Re(sAm)]

-4

-2

Logyg(ic)

Appendix3: Log-log plot ofRe 6 ) for SWSHs witlm=0, s=-1 from ic=0 to 20, and

for L=0,...,6.
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Logio[Re(sA/m)]
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Appendix4: Log-log plot ofRe ©

L=0,...,6.

Logo[Re(sAim)]
5

Appendids: Log-log plot ofRe 0

L=0,...,6.
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Log(ic)

) for SWSHSs with m&; s=0 from ic=0 to 20, and for

Logye(ic)

) for SWSHs with mg; s=1 from ic=0 to 20, and for
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Logqo[Re(sA/m)]
5

Appendix6: Log-log plot ofRe ©

Logo(ic)

) for SWSHSs witm=0, s=2from ic=0 to 20, and for

L=0,...,6.

L°g10[§e(sAlm)]

Appendix7: Log-log plot ofRe 0

Logy(ic)

) for SW&Is with m=0, s3 from ic=0 to 20, and for

L=0,...,6.
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Logrollim(sAm)l]
1

Log(ic)

— L=0
- L=t
— =2
-—1=3
— =4
—L=5
— L=6
- L=T

Appendix8: Log-log plot of Im & ) for SWSHSs with m=1, s3 from ic=0 to 20, and

for L=0,...,6.
Logqo[Re(sAm)]
4
3 /
1
—4 -2 > Logofic)

Appendix: Log-log plot of Re 6 ) for SWSHs with m=1, s3 from ic=0 to 20, and
for L=0,...,6.
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Log(ic)

AppendixlO: Log-log plot ofIm 0 ) for SWSHs with m=1, s2 from ic=0 to 20, and

for L=0,...,6.
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Logye(ic)

Appendixll Loglog pot of Re 0 ) for SWSHs with m=1, s2 from ic=0 to 20, and

for L=0,...,6.
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Appendix12 Log-log plot ofIm 6 ) for SWSHs with m=1, s from ic=0 to 20, and

for L=0,...,6.
L°g10[Re(sAlm)]
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Logo(ic)

Appendixl3: Log-log plot of Re 0 ) for SWSHs with m=1, s% from ic=0 to 20, and

for L=0,...,6.
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Appendixl4: Log-log pot of Re 0 ) for SWSHs with m=1, s=0 from ic=0 to 20, and
for L=0,...,6.
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Appendixl5: Log-log pot ofIm 6 ) for SWSHs with m=1, s=1 from ic=0 to 20, and

for L=0,
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for L=0,...,6.

LogsollIm(sAm)l]

for L=0,...,6.
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Appendixl6: Log-log plot of Re 0 ) for SWSHs with m=1, s=1 from ic=0 to 20, and

Log(ic)

Appendixl7: Log-log plot ofIm 6 ) for SWSHSs with m=1, s=2 from ic=0 to 20, and
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for L=0,...,6.

Logio[llm(sAm)l]
1

for L=0,...,6.
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Appendixl8: Log-log plot of Re 0 ) for SWSHs with m=1, s=2 from ic=0 to 20, and

Log(ic)

Appendix19: Log-log plot ofIm 6 ) for SWSHs with m=1, s=3 from ic=0 to 20, and
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Appendix20: Log-log plot of Re 0 ) for SWSHs with m=1, s=3 from ic=0 to 20, and

for L=0,...,6.
a ¢

L°g10[|lm(5Alm)I]

Appendix1: Log-log plot ofIm 0

. Logjo(ic)

-6

) for SWSHs with m=2, s3 from ic=0 to 20, and
for L=0,...,6.
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Appendix22: Log-log plot of Re 0 ) for SWSHs with m=2, s3 from ic=0 to 20, and

for L=0,...,6.
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Appendix23: Log-log plot ofIm 0
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Logy(ic)

) for SWSHs with m=2, s2 from ic=0 to 20, and

for L=0,...,6.
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Appendix24: Log-log plot of Re 0 ) for SWSHs with m=2, s2 from ic=0 to 20, and
for L=0,...,6.
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Appendix25: Log-log plot ofIm 0 ) for SWSHs with m=2, s from ic=0 to 20and
for L=0,...,6.
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Appendix26: Log-log pot of Re 0 ) for SWSHs with m=2, s from ic=0 to 20, and
for L=0,...,6.

L°g10[Re(sAlm)]
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AppendixX27: Log-log plot of Re 6 ) for SWSHs with m=2, s=0 from ic=0 20, and
for L=0,...,6.
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Appendix28: Log-log plot ofIm 6 ) for SWSHs with m=2, s=1 from ic=0 to 20, and

for L=0,...,6.
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Appendix9: Log-log pot of Re 0 ) for SWSHs with m=2, s=1 froin=0 to 20, and

for L=0,...,6.
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Appendix30: Log-log plot ofIm 6 ) for SWSHs with m=2, s=2 from ic=0 to 20, and

for L=0,...,6.

Logqo[Re(sA/m)]

-10

Log(ic)

Appendix31: Log-log plot ofRe 0 ) for SWSHs with m=2=2 from ic=0 to 20, and

for L=0,...,6.
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Appendix32 Log-log plot oflm 6 ) for SWSHs with m=2, s=3 from ic=0 to 20, and

for L=0,...,6.
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Appendix33; Log-log plot ofRe 0 ) for SWSHSs witim=2, s=3 from ic=0 to 20, and

for L=0,...,6.
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Appendix34: Log-log plot oflm 6
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) for SWSHSs with m=3, s3 from ic=0 to 20, and

for L=0,...,6.
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Appendix35: Log-log plot ofRe 0 ) for SWSHs with m=3, s3 from ic=0 to 20, and

for L=0,...,6.
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Appendix36: Log-log plot oflm 0 ) for SWSHs with m=3, s2 from ic=0 to 20, and

for L=0,...,6.
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Appendix37: Log-log plot ofRe 0 ) for SWSHs with m=3, s2 from ic=0 to 20, and

for L=0,...,6.
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Appendix38: Log-log plot oflm 6 ) for SWSHs with m=3, s from ic=0 to 20, and

for L=0,...,6.
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Appendix39: Log-log plot ofRe 0 ) for SWSHs with m=3, s from ic=0 to 20, and

for L=0,...,6.
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Appendix40: Log-log plot ofRe 0 ) for SWSHs with m=3, s=0 from ic=0 to 20, and

for L=0,...,6.
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Appendix41: Log-log plot oflm 6 ) for SWSHs with m=3, s=1 from ic=0 to 20, and

for L=0,...,6.
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Appendix42: Log-log plot ofRe 0 ) for SWSHs with m=3, s=1 from ic=0 to 20, and

for L=0,...,6.
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Appendix43: Log-log plot oflm 6 ) for SWSHs with m=3, s=2 from ic=0 to 20, and

for L=0,...,6.
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Appendix44: Log-log plot ofRe 0 ) for SWSHs with m=3, s=2 from ic=0 to 20, and

for L=0,...,6.
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Appendix5: Logrlog plot oflm 6 ) for SWSHs with m=3, s=3 from ic=0 to 20, and

for L=0,...,6.
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Appendix46: Log-log plot ofRe 0 ) for SWSHs with m=3, s=3 froi=0 to 20, and
for L=0,...,6.
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Appendix47: Log-log plot oflm 0 ) for SWSHs with m=4, s3 from ic=0 to 20, and
for L=0,...,6.
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Appendix48: Log-log plot ofRe 0 ) for SWSHs witim=4, s=3 from ic=0 to 20, and

for L=0,...,6.
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Log-log plot oflm O ) for SWSHs with m=4, s2 from ic=0 to 20, and

for L=0,...,6.
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Appendixb0: Logrlog plot ofRe 0 ) for SW$HIs with m=4, s=2 from ic=0 to 20, and

for L=0,...,6.
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Appendixsl: Log-log plot oflm 0 ) for SWSHs with m=4, s% from ic=0 to 20, and

for L=0,...,6.
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Appendixs2: Log-log plot ofRe 0 ) for SWSHs with m=4, s from ic=0 to 20, and
for L=0,...,6.
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Appendixd3; Log-log plot ofRe 0 ) for SWSHSs with m=4, s=0 from ic=0 to 20, and
for L=0,...,6.
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Appendixs4: Log-log plot oflm 6 ) for SWSHs with m=4, s=1 from ic=0 to 20, and

for L=0,...,6.
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Appendixd5: Log-log plot ofRe 0 ) for SWSHSs with m=4, s=1 from ic=0 to 20, and

for L=0,...,6.
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Appendixs6; Log-log plot oflm 6 ) for SWSHs with m=4, s=2 from ic=0 to 20, and
for L=0,...,6.

Appendixb7: Loglog plot ofRe 0 ) for SWSHSs with m=4, s=2 from ic=0 to 20, and
for L=0,...,6.
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